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1. INTRODUCTION 
Mal’cev [S] studied solvable groups G with the property that, if H is a 
subgroup of G, then for each element x of G not in H, there is a finite homo- 
morphic image of G, say 4(G), such that 4(x) $4(H). Such groups G will be 
said to be separated by Jinite groups and the finite group 4(G) will be said to 
separate x and H. In particular, Mal’cev showed that 
(*) polycyclic groups can be separated by finite groups. 
Baumslag [2] (see also [l]), has obtained a similar but sharper result for 
isolated subgroups of finitely generated torsion-free nilpotent groups, namely: 
if H is an isolated subgroup of thejnitely generated torsion free nilpotent group G 
and p is any prime, then 
(**I fi GpiH = H, 
i=l 
that is, if x E G\H, then x and H can be separated by a fkite p-group for any 
given prime p. 
We first observe that (* *) is essentially equivalent to part (a) of Theorem 1 
below. Parts (a) and (b) of Theorem 1 together extend (**) to arbitrary sub- 
groups of finitely generated nilpotent groups. 
THEOREM 1. Let G be a finite$ generated nilpotent group, H a subgroup 
of G, and let x be any element of G not in H. 
(a) Suppose no positive power of x is in H. If p is any prime, then x and 
H can be separated in a finite p-group. 
(b) If xm is the smallest positive power of x in H, and p is a prime dividing 
m, then x and H can be separated in a Jinite p-group. 
Our main result here extends Theorem 1 to supersolvable groups. We prove 
* Current address: The University of Leeds, Leeds 2, England. 
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THEOREM 2. Let G be a supersolvable group, H a subgroup of G and x any 
element not in H. 
(a) Suppose no positive power of x lies in H. Then, for any prime p, x 
and H can be separated in a $nite TI u {p} group where z- is a finite set of 
primes depending only on G. 
(b) Let xnl be the least positive power of x lying in H. If m is not a power 
of 2, then x and H can be separated by a finite rr v o group, where 7~ is the set 
of primes in part (a) and o is the set of primes not greater than the smallest odd 
prime dividing m. 
(The proof of 2(a) shows that the statement of 2(a) remains valid when 
G is any finite extension of a finitely generated nilpotent group.) 
The following example shows that the restriction placed on m in 2(b) is 
necessary. Let 
G = gp{a, 6; b-lab = a-‘). 
Let QT be any finite set of primes and let p be an odd prime not in r. Set 
H = gp{a”, br\. Then ab $ H, while (ab)2 = b2 E H. Suppose $ is a homo- 
morphism of G onto a finite n v (2) group. Since +(a)” E 4(H) and since +(a) 
has order prime to p, it follows that +(a) E+(H). Clearly 4(b) E+(H) and so 
4(H) = 4(G). Hence ab and H cannot be separated in any finite n v (2) 
group. 
Baer and Higman [3, and 21 have shown that in a finitely generated nil- 
potent group G, n Gp is finite where p varies over infinitely many primes p 
and, consequently, G is residually of order pa where 01 is bounded (of course, 
p may vary). 
Theorem 3 generalizes the Mal’cev-Baumslag results in this direction. 
THEOREM 3. Let G be a fkitely generated nilpotent group, H a subgroup 
of G and x any element of G not in H. 
(a) If no positive power of x lies in H, then for almost all primes p, x 
and H can be separated in a finite group of exponent p. 
(b) In any case, x and H can be separated in a group of order pi, where 
p is a prime and i is bounded. 
Finally, because Mal’cev’s paper [5] appears difficult to obtainl, we include 
the following interesting result in order to publicize it. 
THEOREM 4 (Mal’cev [5]). If the group G is a split extension of a jiniteb 
generated residually fkite group by a residually finite group, then G is residually 
finite. 
* The authors have only been able to consult a reference in Ref. Zhurnal. 
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(A proof of Theorem 4 is included for completeness.) 
Theorem 4 includes some results that have appeared recently, for example, 
COROLLARY 4.1. ([2]) If G is a cyclic extension of a finitely generated 
residually fkite group N, then G is residually finite. 
Proof. If G/N is finite the result is clear. If G/N is infinite, then G splits 
over the free group G/N, so the result follows by Theorem 4. 
2. PRELIMINARIIZS 
The symbols j G: H 1 and 1 G: 1 1 denote the index of H in G and the 
order of G, respectively. The core of a subgroup H of G, written core,(H), 
is the largest normal subgroup of G contained in H. If 1 G: H 1 is finite, then 
1 G: coreo(H)I is finite. S,(G) will denote a Sylow p-subgroup of the group 
G, and Z,(H) and N,(H) the centralizer and normalizer of H in G, respec- 
tively. 
In addition to the uses of the forms of the word “separate” in the intro- 
duction, the following is also used. Let N be a normal subgroup of finite 
index in the group G. Suppose K and H are subgroups of G such that 
K 2 HN and x 4 K, where G/N is a finite group separating x and H. Then 
K is said to be a subgroup of G separating x and H. 
It is known that any finitely generated nilpotent group G satisfies the 
maximum condition on subgroups and the set of all elements of finite order 
in G forms a finite normal subgroup of G called the torsion subgroup of G 
(Kurosh [4]). 
If H is a subgroup of the group G and p is a prime, then H is p-isolated 
in G, if x E H whenever xp E H, and H is isolated in G, if x E H whenever 
some nonzero power of x is in H. If H is a subgroup of the finitely generated 
nilpotent group G, then the isolator of H is a subgroup I(H) of G given by 
I(H) = {x E G 1 some positive power of x is in G} 
and 1 I(H): H [ is finite (Baumslag [2]; Kurosh [4, $671 gives the torsion free 
case). Since 
WfYcorem W 
is finite of order n, if p is a prime greater than n and xP E H, then x E H, 
proving that any subgroup H of a finitely generated nilpotent group G is 
p-isolated for almost all primes p. Baumslag [I, 21 then uses this to prove that 
in G, HP” = H n Gp’ for almost all primes p and all i. We note here 
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PROPOSITION 2.1. Let G be a finite extension of a$nitely generated nilpotent 
group N. Then any subgroup H of G is p-isolated for almost all primes p. 
Proof. If n = 1 G/N: 1 1, then xl1 E N for any x E G. Suppose N n H is 
p-isolated in N and p :-.a ?z. If XP E H, then x”” E N n H, so xn E H n iiT. 
Since (p, n) = 1, we have x E H as required. 
Finally note that the special case (*) of Mal’cev’s results used here can be 
proved by induction on a polycyclic series of a polycyclic group G. 
3. PROOFS 
Proof of l’lzeorem l(a). Let T be the torsion subgroup of G. Suppose 
x7’T E HTjT for some n > 1. Then xn = ht for h E H, and t E T. Since T 
is finite and normal in G, for two distinct powers k and r of xn, xnIC = hkt, , 
t, E T, and x”’ = h’t, . Therefore xnkpnr E H and nk - nr # 0 contrary to 
hypothesis. Thus xnT $ HT/T for any positive integer n, so without loss of 
generality we may assume G is torsion free. Let I(H) be the isolator of H 
in G. Now x $ I(H); so by (**) 
x @I(H) = (7 Gp”I(H) 1 n Gp’H 
for each prime p. Thus for each prime p there exists an integer i such that 
G/G”” is a finite p-group separating x and H. 
That Theorem l(a) implies (**) is clear; indeed, since 1 I(H): H 1 < co, 
the following corollary holds. 
COROLLARY 1.1. Let p be a prime, H a subgroup of the $nitely generated 
nilpotent group G. Then 
I (j G’+H: H / < a. 
Proof of Theorem l(b). We need 
I,EMMA 1. Let G be a jinitely generated nilpotent group, H a subgroup of 
G and x an element of G\H. Let N be a normal subgroup of G maximal with 
respect to the property that x $ HN. Then G/N is a finite p-group for some 
prime p. 
Proof. (Note such maximal normal subgroups exist by Zorn’s Lemma.) 
If N is not of finite index in G then, by (*) applied to G/N, there is a finite 
group separating xN and HN/N and hence a normal subgroup Nr 2 N in G 
such that 1 G: HN, j is finite and x # HN, contradicting the maximality of 
N. Thus / G: N j is finite. 
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If G/N is not a p-group suppose xN = xiN . xfl ... x,N, where xiN is 
in S,((G/N). By hypothesis not every xiN is in S,$(HN/N); suppose 
x,N 6 S,I(HN/N). Let DIN be the direct product of S&G/N) with q # p, . 
Then G/D is a finite pi-group, XD # HD/D and D 3 N. Thus D = N and 
G/N is a finite primary group as required. 
Proof of l(b). Let G be as given, let p / m and let y = X”/P so that 
yPEH,andy*$H,ifl <i<p. 
Choose a normal subgroup N of G such that y $ HN and N is maximal 
with respect to this property. By the lemma G/N is a q-group for some prime q. 
Suppose ygi E N, where (p, q) = 1. Th en there are integers u and v such 
that 
Y’ = Y Pu+n”v = ,“uy”“” E HN 
contrary to assumption. Therefore G/N is a finite p-group as required. 
(Lemma 1 and induction on an upper central series can be used to give 
an alternate proof of Theorem l(a).) 
Proof of Theorem 2 (a). Let G be a group which is a finite extension 
of a finitely generated nilpotent subgroup N and let x E G\H. Since G/N 
is finite (say of order rz) we see that xn E N, and yet no positive power of 
X~ is in N n H. Thus by Theorem 1 (a) xn and N n H can be separated 
by a finite p-group N/Np” for any prime p. But then x” # NP’H (or else 
xn E N”‘H n N = Np”(H n N)-a contradiction) and so G/ND’ is a finite 
group of order np” (for some K) separating xn and H. Taking r as the set of 
primes dividing n, we have finished. 
Proof of Theorem 2(b). We begin with a simple result. 
LEMMA 2.1. Let E 4 G, 4 G, 4 G be a series of normal subgroups of the 
group G such that GJE, G2/G, are, respectively, ap-cycle and an infinite cycle. 
Then G also has a series E 4 HI Q H, 4 H3 4 G of subgroups normal in G 
and such that HI/E, Hz/HI are, respectively, an infkite cycle and a p-cycle 
and HJH, is either an m-cycle (m a divisor of p - 1) OY a p-cycle. 
Proof. The subgroup G, of G is an extension of a p-cycle by an 
infinite cycle and therefore splits. Let G, = HG, where Gr 4 G, 
H n G, = E, H is an infinite cycle generated by the element h. Consider 
the centralizer of G1 in H. Either H itself centralizes Gr or gp{hm} (m a 
divisor of p - 1) is the centralizer of Gi in H. In the former case 
Ga = Gr x H and the result is clear. Consider Gap; it is a characteristic 
subgroup of G, and hence G,P 4 G. Further, Gap = Hp. Thus in Ga we 
have the series E 4 HP 4 HP x G, 4 G, of normal subgroups of G. In 
the latter case, i.e., where gp(h”} is th e centralizer of G, in H, H” = gp{h”} 
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is the center of G, ; hence normal in G. Thus G, contains the series 
E Q H”’ u H”‘G, 4 G, as required. 
Let now G be a supersolvable group with a series 
E = G,+,CG,C.~~CG,CG, = G, (4 
where each Gi u G, G,/G, is a finite group, and G,/G,+, (i = 1,2,... k) is 
an infinite cycle. We shall proceed by induction on the number k of infinite 
cyclic factors in (s). If Iz = 0, then G, = E and x and H are separated by 
the finite G,/G, . rr will be taken as the set of primes dividing 1 G,/G, I. 
Let us now suppose the theorem proved for k ,( n - 1 and prove it for 
k = 11. Let p 1 m and set y = zP/P. Then yP E H, yi $ H for (1 < i < p). 
There are two cases. 
Case (i). 11 n G, 3 E = (1). First, if y $ HG, , the induction assump- 
tion may be applied to G/G, completing the proof. 
So suppose y E HG, . Then y = g,h, where g, E G, , h E H. Since G, 
is a normal infinite cyclic subgroup of G we see that h-lg,h is g, or g;r. If 
h-lgnh = g;‘, then y2 = g,hg,h-l . h2 = h2 E H. As m is not a power of 2 
we may choose p f 2; thus contradicting y2 = h2 E H. Thus we must have 
h-lgnh = g, and consequently yi = gnihi for all i. Hence gni 6 H n G, if 
1 < i < p but g,p E H n G, . If g generates G, , then H n G, = gp{g”} 
for some s and it is not difficult to check that if s = p=r where 012 1 and 
(p, r) = 1, then the factor group G,/GiU separates g, and H n G, . That 
is g, 6 Gz”(H n G,). But then y # HGK”. For otherwise 
yh-l = g, E HGg” n G, = (H n G,) Gf 
a contradiction. 
Case (ii). II n G, = E. Once again if y 6 HG, the induction assumption 
applies to give the result. Now observe that the case y E HG, cannot arise. 
For if, as above, we have y = g,h, then y” = g,php giving g,” E H n G, , 
-a contradiction. 
We now return to case (i) where y E HG, and factor out Gi”. (Being char- 
acteristic in G, it is normal in G.) Consider the supersolvable group 
~7 = G/G;” and its supersolvable series 
EC&Ccn-,C . ..CGl.cGO = e 
(- denoting images under 4: G ---f G/Gzb). We rewrite the portion E C t?% 
of this series as EC G,,z-l C ... C G,,, = G, , where each G,,j is the unique 
cycle of order pw-j in G, . Note that Gnsj is characteristic in G, and hence 
normal in G. Hence each Gn,i/G,,i+l is a p-cycle. Repeated applications of 
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Lemma 2.1 to each of these p-cycles in turn shows that G has a series with 
n - 1 infinite factors and the finite “top” factor GO/G1 is a v u u group 
where u is the set of primes not exceeding p. Since jj 4 E, but 7” E ff in G, 
the result follows by induction on k. 
Proof of Theorem 3(a). If G is abelian and T is the torsion subgroup of 
G, then T # XT E G/T. Thus there is an infinite cyclic image C = gp{u} 
of G such that the image of x is un and the image of H is trivial. If p is any 
prime such that (p, n) = 1, then C/O is a p-cycle separating x and H. 
Suppose now G has class n and the result is proved for all G with class 
< n - 1. If no positive power of x is in HZ, the induction assumption 
applied to G/Z completes the proof. Thus assume xk is the least positive 
power of x in HZ. Then xk = zh for some x E Z\H, h E H. Since no power 
of z is in H, by the abelian case for almost all primes p, 
z$Z, = Zp(Hn Z). (1) 
Also for almost all primes p, 
GP n ZH = (ZH)a = ZpHp. (2) 
Thus for almost all primes p, (1) and (2) hold simultaneously; let p be such 
a prime. If xk were in GpH then z E GpH, hence 
z E G”H n Z C G”H n ZH = H(Gp n ZH) = HZPH” = ZpH, 
contradicting (1). Hence G/Gp is a group of exponent p separating x and H. 
Proof of Theorem 3(b). If x $1(H), then by Theorem 3(a) x and H can 
be separated in a group G/Gp of exponent p. Higman [3] shows this group 
is of order pi where i is bounded by some integer N. 
If x EI(H)\H, then xm E H for some m, so by Theorem l(b) x and H can 
be separated in a group of order n = pi for some prime p ] m, that is, 
.X $ GnH n I(H). There are only finitely many such integers nj = pp (pi 
a prime, ii > 1, 1 < j < k) needed so that 
since ] I(H): H 1 is finite, so the index i in the statement of Theorem 3(b) 
can be taken to be max{N, ir ,..., &}. Clearly this result shows 
COROLLARY 3.1. Let G and H be as in Theorem 3. Then 
Ir)HG”:Hl <co, 
where the intersection is taken over inj%itely many primes p. 
481/23/3-x1 
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In view of results like Corollary 3.1 and Proposition 2.1 one might expect 
Corollary 3.1 to extend to a wider class of groups, for example, supersolvable 
groups. But let G = gp{a, b j b-lab = a-l} and H = {I}. H is obviously 
isolated in G. As before it is easy to see every normal subgroup of prime 
index in G contains a2. Thus 
0 GVH 2 gW> p H, 
where the intersection is taken over all primes. 
One does have, however, the elementary 
COROLLARY 3.2. Let G be a jinitely generated group, and N a normal 
nilpotent subgroup of finite index n. 
If H is a subgroup of G, then 
1 n GnPH: H / < W 
where the intersection is taken over inJinitely many primes p. 
The following extends Baumslag’s proof of Corollary 4.1 (See Theorem 1.2 
in [2]). We again note we have been unable to obtain the details of Mal’cev’s 
original work [5], so the proof here may well resemble his original version. 
Proof of Theorem 4. Let G = KL, K Q G and K n L = {I}, where K 
is a finitely generated residually finite group and L is residually finite. If 
1 :,k g E G and g $ K, map to G/K and then to a finite group F such that the 
image of g in F is nontrivial. 
Suppose then that g E K. Let N be a normal subgroup of K such that 
k=/K:NI<wandg$N. 
Let C be the intersection of all subgroups S of K of index k. Then C is 
characteristic in K and 1 K: C / < w, because K is finitely generated so that 
only finitely many such subgroups S exist in K. 
Note that LC n K = C(L n K), so LC n K = C and gC # C. Thus 
G/C = K/C . LCjC and K n LC = C so G/C is a split extension of a 
finite group by a residually finite group and 1 # gC E K/C. Therefore, 
without loss of generality we may assume K is finite, L is an infinite residually 
finite group (the case where L is finite being clear), and g E K. Note that 
G/Z,(K) z N,(K)/Z,(K) E au&(K) _C aut(K) 
and aut(K) is finite, since K is. Therefore j G: Z,(K)1 is finite. Further 
Z = Z,(K) n L is normal in L, 1 L: Z 1 is finite, and Z centralizes K, so Z 
is normal in G. Now g $ L >_ Z, so map to G/Z. This is finite, since 
IG:Z/=IG:LIIL:Zl=lK:lIIL:ZI 
and gZ # 1. This completes the proof of Theorem 4. 
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Added in proof: After this paper was accepted the authors found a topological 
formulation of Corollary 1 .l appearing as Lemma 1.4 in Remeslennikov’s Conjugacy 
of subgroups in nilpotent groups, Algebra andLogic Seminar 6 (1967), 61-76(Russian), 
and, although part (b) of our Theorem 1 is not explicitly pointed out by him, he 
gives a proof of Theorem 1 (b) in the proof of his Lemma 1.4. 
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